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Abstract: Ship seakeeping operability refers to the quantification of motion performance in
waves relative to mission requirements. This is used to make decisions about preferred vessel
designs, but it can also be used as comprehensive assessment of the benefits of ship-motion-
control systems. Traditionally, operability computation aggregates statistics of motion computed
over over the envelope of likely environmental conditions in order to determine a coefficient in
the range from 0 to 1 called operability. When used for assessment of motion-control systems,
the increase of operability is taken as the key performance indicator. The operability coefficient
is often given the interpretation of the percentage of time operable. This paper considers an
alternative probabilistic approach to this traditional computation of operability. It characterises
operability not as a number to which a frequency interpretation is attached, but as a hypothesis
that a vessel will attain the desired performance in one mission considering the envelope of likely
operational conditions. This enables the use of Bayesian theory to compute the probability of
that this hypothesis is true conditional on data from simulations. Thus, the metric considered
is the probability of operability. This formulation not only adheres to recent developments in
reliability and risk analysis, but also allows incorporating into the analysis more accurate
descriptions of ship-motion-control systems since the analysis is not limited to linear ship
responses in the frequency domain. The paper also discusses an extension of the approach
to the case of assessment of increased levels of autonomy for unmanned marine craft.
Keywords: Ship performance assessment, probabilistic methods, motion control.
1. INTRODUCTION
Seakeeping theory studies the motion of surface vessels
in waves, and seakeeping analysis is a procedure for com-
puting vessel performance metrics related to the envelope
of missions and environmental conditions in which the
vessel is to operate (Lloyd, 1998). This analysis is often
conducted during the vessel design stage, and the result is
a number in the range from 0 to 1 called Operability (O)
(NATO, 2000). This number is often given the interpreta-
tion of either a frequency, or the proportion of time that
a vessel will remain operable. The metric O is used, for
example, by Navies as a tool for risk management during
procurement to compare the merits of competing vessel
designs against a prescribed performance standard—see
for example RAN (2003). It has also been argued that in-
crease on operability provides a key performance indicator
of ship-ride control systems—attenuation of roll and pitch
angles and accelerations (Crossland, 2000, 2003).
The interpretation of O as a frequency attempts to at-
tribute to nature—in this case the actual vessel behaviour—
the result of a logical analysis of uncertainty. In this paper,
we subscribe to the concept that probability is not a
frequency, rather a measure of uncertainty or a state of
knowledge (Jaynes, 2003). That is, probability allows us
to do plausible reasoning in cases where we cannot reason
with certainty. We consider an alternative framework for
the assessment of operability. We pose O as a hypothesis
or proposition, namely a real property of the vessel, which
can either be true or false and to which we seek to assign a
probability of being true. The end result is the predictive
probability of operability. That is, the probability that the
vessel will attain the desired performance in one mission
considering the envelope of likely environments and sail-
ing conditions, namely, P (O|D, I), where a proposition D
stands for data and I stands for background information.
This framework aligns with current trends in Bayesian
reliability and risk analysis (Singpurwalla, 2006). This
paper extends the previous work in Perez (2013) by using
the method to assess increase in operability due to ride
control. It also incorporates a discussion on the assessment
of autonomy.
2. STANDARD OPERABILITY COMPUTATION
Standard seakeeping analysis considers long-term wave
distributions, namely the joint distribution of probabilities
P (Hi, Tj) (i = 1, . . . , r; j = 1, . . . s), where Hi and Tj are
the following propositions 1 :
Hi : {Hi ≤ Hs ≤ Hi},
Tj : {T j ≤ T ≤ T j}.
1 A proposition is a logic statement that can either be true or false.
The propositions Hi (i = 1, . . . , r) establish that the
significant wave height Hs is in a particular range, whereas
the propositions Tj (j = 1, . . . , s) establish that the zero-
crossing wave period T is in a particular range. The
distribution P (Hi, Tj) is tabulated in what are called
scatter diagrams, which are available for different locations
around the globe and times of the year.
The significant wave heigh and zero-crossing period are
used to parameterise wave spectra Sη(ω,Hs, T ), which
under the assumption of deep water conditions charac-
terise the Gaussian distribution of wave amplitudes for
fully developed seas and for periods between 20 min-
utes to 3 hours (Haverre and Moan, 1985; Ochi, 1998).
The wave spectra are then combined with vessel response
operators (complex-valued frequency-response functions)
Fd(jω, U, χ), for the different degrees of freedom d =
1, 2, . . . , 6 computed under particular sailing conditions
(vessel speed U and wave encounter angle χ) to obtain
spectra of motion displacements relative to the vessel
equilibrium condition:
Sd(ω,U, χ,Hs, T ) = |Fd(jω, U, χ)|2 Sη(ω,Hs, T ),
with d = 1, 2, . . . , 6. Note that the use of frequency
response functions assumes linear ship response charac-
teristics. This means that the effect of motion control
systems used to reduce roll and pitch motion cannot be
captured fully—neither adaptation of the control strategy
to changes in environmental conditions, nor loss of perfor-
mance due to actuator saturation is contemplated (Perez,
2005; Perez and Blanke, 2012).
The uncertainty associated with the sailing conditions
is represented by the joint probability distribution of
vessel speeds Uk (k = 1, . . . , t) and a wave encounter
angles χl (l = 1, . . . , u). For simplicity though, the speeds
and encounter angles are assumed to be independent,
namely, P (Uk, χl) = P (Uk)P (χl). The distribution P (Uk)
is dictated by the operations the vessels conduct (transit,
station keeping, equipment launch and recovery, etc.).
Except for particular areas of operation in the globe, the
distribution P (χl) is taken to be uniform in [−pi, pi].
The motion spectra Sd(ω,U, χ,Hs, T ) (d = 1, 2, . . . , 6)
are used to compute ship-motion acceleration spectra and
statistics (e.g. root mean square, single significant am-
plitude, double-significant amplitude) in the degrees of
freedom of interest. These statistics are then mapped into
performance indices Rm (m = 1, . . . , v) (for example,
roll angle statistics, number of propeller emergences per
hour, motion sickness index, slamming) which are com-
pared with mission required threshold values (limits) and
weighted according to their importance to determine a
set of operability coefficients Wijklm ∈ [0, 1] associated
with each scenario—wave height, wave period, speed, and
encounter angle. It is very common to take Wijklm as a
weighted membership function:
Wijklm = km w(Rm),
where
w(Rm) =
{
1 if Rm ∈ Rm,
0 otherwise.
and Rm is the set of values for which the performance
is deemed satisfactory, and the coefficients 0 < km <
1 weight the importance of the different performance
indices—note the constraint
∑
m km = 1. Alternatives to
the w(Rm) above with a more gradual degradation as Rm
approaches the boundaries of Rm have also been proposed
to reduce the sensitivity of Wijklm to small variations of
Rm close to set boundaries—see, for example, RAN (2003).
Once the operability coefficients are computed, the figure
of merit of operability is computed as follows:
O =
∑
i,j,k,l,m
Wijklm P (Hi, Tj)P (Uk)P (χl). (1)
The coefficient O can be used a single figure of merit of a
particular vessel, and the coefficients Wijklm can be used
to assess performance in more detail.
For the assessment of ship-ride control systems, the mea-
sure of performance is the increase in operability due to the
action of the ride control system (Crossland, 2000, 2003):
∆O = Ocl −Ool, (2)
where subscripts cl and ol stand for closed loop and open
loop respectively.
3. COMMENTS TO THE STANDARD APPROACH
Equation (1) mixes probabilities with weighting coeffi-
cients Wijklm that are deterministic in nature. By con-
struction, the coefficient O takes values in the range [0, 1],
and due to this, O is then ‘interpreted ’ as a frequency or as
percentage of time operable (Lloyd, 1998; NATO, 2000).
One could also give (1) a decision-theoretic interpretation,
where the coefficients Wijklm would represent a utility and
O would thus be a expected utility or risk (Lindley, 1991).
To the best of the author’s knowledge, this interpretation,
has not been yet been discussed in the literature, and nor
will it be discussed in this paper.
Although the metric O serves the purpose of expressing
performance in a cardinal scale, and when computed for
different vessels, it allows one to make comparisons, the
frequency interpretation is a rather far-fetched concept.
The computations through (1) provide little support for
such interpretation. A decision-theoretic interpretation
may also be difficult to justify since no decision problem is
alluded for the calculation of O. One could argue, however,
that there is an underlying decision problem. Indeed, the
purpose of seakeeping analysis is to infer O, and this used
as key information for the associated with the decision
problem which also requires the elucidation of the utilities
of the decision maker. The latter, however, is a different,
and harder, problem altogether; and therefore, it has been
argued that inference should be separated from decision
(Jaynes, 2003) (page 405).
Since we are dealing with uncertainty, and the end user will
be using the information from the seakeeping analysis for
making a decision under uncertainty, it would be, perhaps,
more convenient to investigate the use of a procedure
to compute O that has its foundation in probability
theory. Then, the seakeeping analysis would provide the
probabilities that can be used as part of a subsequent
decision problem (for example, to choose one vessel over
another, or to accept a design vs requiring modifications
and re-assessment).
To develop this approach using probability, we propose to
consider the following hypothesis:
O : {The mission prescribed performance is satisfied
over the required operational conditions}, (3)
and then evaluate its probability conditioned on all avail-
able background information I and the data D from the
seakeeping computations, namely, P (O|D, I).
The above departs from the standard analysis. First, we
shall talk about the probability of operability. This makes
a clear distinction between the operability O as a real
characteristic of a ship and its probability, which is only a
description of our state of knowledge, or uncertainty, about
its truth or falsity. Second, with this view, O is binary, and
the scale for comparison of different designs is given by the
probabilities.
When we use probabilities to describe our uncertainty
about a proposition based on our current state of infor-
mation, Bayes’s Theorem is the tool that allows to update
our knowledge in the light of new evidence. This provides
unique rules for conducting inference. Any other set of
rules has been found to violate a desiderata of rationality
and consistency (Cox, 1946; Jaynes, 2003):
I) Degrees of plausibility are represented by real num-
bers,
II) Rationality: qualitative correspondence with common
sense.
III) Consistency:
IIIa) If a conclusion can be drawn in more than one
way, every way must lead to the same result.
IIIb) In doing plausible reasoning, we must take into
account all information available.
IIIc) Equivalent states of knowledge are represented by
equivalent degrees of plausibility.
Starting from these desiderata, Cox (1946) and Jaynes
(2003) develop probability theory as an extension to logic.
Here, we will follow a Bayesian approach for computing O.
We formulate this approach in the following section.
4. PROBABILISTIC OPERABILITY
For a given mission or operation, we will associate to the
vessel a set of performance indices related to motion Rm
(m = 1, . . . , v). Table 1 shows examples of performance
indices—for details see RAN (2003) and NATO (2000).
Table 1. Example of performance indices and
operability limits for transit operations. MSI
- Motion Sickness Index (related to vertical
acceleration). MII - Motion Induced interrup-
tions (related to transverse acceleration as well
as gravity). Note that the human related in-
dices (accelerations, MSI, and MII) are con-
sidered at particular locations on the vessel.
Index Description Limits
R1 Lateral acc (at a loc. of interest) 0.2 g
R2 Vertical acc (at a loc. of interest) 0.4g
R3 MSI 20% after 4hs.
R4 MII 1 per minute.
R5 Bow slamming 20 per hour.
R6 Propeller emergence 90 per hour.
R7 Deck wetness quarterdeck 30 per hour.
To each performance index Rm, we associate a set Rm of
satisfactory performance. Table 1 shows examples of limits
that define the boundaries of the sets Rm associated with
particular performance indices. We then consider events
or propositions
Em = {Rm ∈ Rm ∀TM}, m = 1, . . . , v, (4)
where TM the duration of the mission or the evaluation
period. The events Em in (4) are statements about per-
formance of each index and they can either be true or
false. Em is true when the performance index Rm takes
values that in agreement with its required performance,
namely, Rm ∈ Rm for the duration of the mission TM . The
operability requires that all the measures of performance
be satisfied simultaneously. For example, for R1 in Table 1,
R1 = {R1 : |R1| ≤ 0.2g}.
Then, we can consider operability as the joint event
O =
v⋂
m=1
Em = E1 ∩ E2 ∩ · · · ∩ Ev. (5)
Note that since the events Em are proper propositions, the
event O is also a proposition: O will true if and only if all
the events Em are true.
We can then consider time-domain data, which consists
of time series of motion obtained under particular testing
scenarios (simulations under specific environmental and
sailing conditions). These can be simulated form infor-
mation of the wave spectra and vessel frequency response
functions, or from dynamic models that incorporate the
effect of motion stabilisation control (Perez, 2005). If we
produce N replications (simulations) of the vessel motion
response in a particular operational and sailing condition
and assess the truth of the event O, we will obtain a
sequence of binary data:
D = {d1, d2, . . . , dN}, di =
{
1 if O is true,
0 otherwise.
(6)
Then, compute the probability of operability by marginal-
isation:
P (O|D, I) =
∑
i,j,k,l
P (O|Hi, Tj , Uk, χj , D)
P (Hi, Tj |I)P (Uk|I)P (χl|I). (7)
Note that expression (7) is an aggregate of different
components of uncertainty:
• Environment : The probability distribution
P (Hi, Tj |I) captures uncertainty about the weather
or environmental conditions that are likely to be
encountered during the mission at the required ocean
area.
• Sailing condition: The product of probabilities
P (Uk|I)P (χl|I) captures the uncertainty in the sail-
ing conditions in which the vessel is likely to conduct
the mission.
• Vessel handling : The conditional probabilities
P (O|Hi, Tj , Uk, χj , D) capture uncertainty in the
way the vessel handles particular operational
conditions. This is related to vessel design, mass
distribution, and motion control systems.
In the above, there is the underlying assumption here that
the speed and heading are conditionally independent. This
is not always true. Furthermore, there may also be a de-
pendancy on the sea state: in severe sea states, human deci-
sions affect encounter angles and operational speeds (vol-
untary speed reduction). The independence assumption,
however, simplifies the computations, for it would hard to
determine the joint distribution P (Hi, Tj , Uk, χj |I).
If we compare (7) with (1), we can see that in the prob-
abilistic formulation (7) we have replaced the weighting
coefficients in (1) by the vessel handling probabilities. In
the next section, we discuss how to compute these vessel-
handling probabilities.
5. PREDICTED VESSEL-HANDLING
PROBABILITIES
As mentioned in the previous section, the proposed oper-
ability computation is based on time-domain data. Form
the spectra of motion, we can draw realisations of time
series—this assumes linear vessel response including the
action to the ship motion control systems (Perez, 2005).
Alternatively, we can draw realisations of wave excitation
forces and simulate time-domain models obtained from
excitation RAOS plus additional features, which can be
non-linear, related to motion control systems (Perez and
Fossen, 2011). The idea is that we can create replications
of the simulations under specific conditions.
If we produce N replications of records (simulations) of
vessel motion response in a particular operational condi-
tion (environment and sailing conditions), then for each
replication, we can evaluate whether the event O is true
or false. This will lead to a sequence of binary data (6). If
the replications are independent, then the probability of
obtaining a particular dataset of the form (6) is given by
P (D|θ, Iijkl) =
N∏
i=1
θdi (1− θ)1−di = θR(1− θ)N−R, (8)
where the parameter 0 ≤ θ ≤ 1 represents the probability
of success in one trial, R is the number of successes in the
N replications (R =
∑
i di), and Iijkl ≡ {Hi, Tj , Uk, χj , I}
represents the information related to the particular con-
dition being tested plus any other prior information I.
Expression (8) can be used as a likelihood function to infer
the value of the parameter θ.
5.1 Inference
The parameter θ, assumed constant, is uncertain. We
can describe this uncertainty using a prior distribution
for the parameter p(θ|Iijkl). Note that within a Bayesian
approach, a prior distribution for a parameter does not
mean that the parameter is random. The parameter is
constant, and the distribution describes our uncertainty
about its value—what is distributed is the probability not
the parameter (Jaynes, 2003). Using the data (6), we can
update a prior distribution for the parameter to a posterior
distribution using the Bayes’s Theorem:
p(θ|D, Iijkl) = p(D|θ, Iijkl) p(θ|Iijkl)
p(D|Iijkl) , (9)
where the likelihood function is given by (8), and
p(D|Iijkl) is simply a normalisation constant.
The elicitation of the prior p(θ|Iijkl) in (9) has been the
subject of vehement attacks to the Bayesian framework,
for which much of the literature calles it subjective. Rather
than a hindrance, this is a advantage of the method,
which allows one to incorporate background information.
Further, it is the nature of science that when data is
analysed from different initial states of knowledge, the
analysis could lead to different results. For an eloquent
discussion, we refer to the work of Jeffreys (1939), Jeffreys
(1973), Jaynes (2003), Gregory (2005), and Singpurwalla
(2006).
For the particular problem of interest in this paper, we
advocate the use of a uniform prior distribution p(θ|Iijkl)
in (9). The adoption of a uniform prior distribution,
or Bayes-Laplace prior for the parameter θ reflects our
unassuming attitude towards the attainable performance
of the vessel in a particular operational condition—that
is, θ could take any value in the range from 0 to 1.
This follows from the Maximum Entropy Principle given
that there may be no testable information (Jaynes, 2003;
Gregory, 2005). Geisser (1984) provides further details as
to why this a compelling choice of a prior for the type of
experiments being considered in this paper.
5.2 Prediction
Having computed the posterior distribution for the pa-
rameter θ, namely p(θ|D, Iijkl), using (9), the question
that arises is what is the probability of obtaining a certain
number of successes in a number of future missions or
operations?
If we knew the true value of θ, then the probability of
having Z successes in M missions is given by the Binomial
distribution:
p(Z|θ,M) =
(
M
Z
)
θZ(1− θ)M−Z . (10)
Through the inference process described in the previous
section, we only know the posterior (9) and not the actual
value of θ. We could pick a point estimate, say the mean
or the median, and plug it in (10), but this would ignore
the uncertainty about θ that the posterior p(θ|D, Iijkl)
describes, and we would throwing away information. To
make a better use of the information available, the pre-
dicted probability of Z given the data D can be computed
by marginalisation:
p(Z|D, Iijkl) =
∫ 1
0
p(Z, θ|D, Iijkl) dθ, (11)
=
∫ 1
0
p(Z|θ) p(θ|D, Iijkl) dθ. (12)
By doing this integration, we take into account the uncer-
tainty about θ.
The required vessel-handling probabilities used in (7), are
taken, by choice, as the predicted probabilities of one
success in the next mission. These can be computed by
taking Z=1 and M=1 in (10), in which case (11) reduces
to
p(O|Hi, Tj , Uk, χj , D) =
∫ 1
0
θ p(θ|D, Iijkl) dθ. (13)
If we adopt a uniform distribution for the prior p(θ|Iijkl)
in (9), then vessel-handling probabilities reduce to
p(O|Hi, Tj , Uk, χj , D) = R+ 1
N + 2
. (14)
Although the analysis above have been developed for the
event O, it can also be carried out for each individual event
Em with a simple re-definition of the data (6). This can
be done to gain further insight: a scrutiny of the index-
specific handling probabilities P (Em|Hi, Tj , Uk, χj , D) can
reveal what are the limiting factors that lower the overall
operability.
In the above analysis, we have considered the problem of
assessing the performance of each simulation in terms of
binary assessments (the performance is either satisfied or
not), and this led to a simple likelihood function (8). For
metrics like number of propeller emergences per hour, this
would require the simulation of one-hour scenarios and
counting the number of events in order determine whether
the performance is satisfied or not. Alternatively, one could
consider a likelihood based on the Poisson distribution.
This is beyond the scope of this paper.
6. EXAMPLE
As an example to illustrate some of the calculations, we
consider a 364t navy patrol vessel (LOA - 52m, BOA -
8.6m) from Perez (2005). Figure 1 shows the hull shape.
We consider a reduced operability computation with only
the performance indices R1 and R2 indicated in Table 1,
and the accelerations are evaluated at the bridge of the
vessel.
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Fig. 1. Navy patrol vessel adapted from Perez (2005).
Instead of a total operability, we consider the operability
for a particular wave height for the range H = [2, 3]. The
conditional probabilities of the zero-crossing periods based
on Southern Ocean data (Area 100) are detailed in Table 2.
Table 2. Conditional distribution of wave peri-
ods for a give wave heigh in the range of 4 to
5m for the southern Ocean (Area 100).
T [s] 5-6 6-7 7-8 8-9
P (T |H = [2, 3]) 0.0041 0.0816 0.2857 0.3469
T [s] 9-10 10-11 11-12 12-13
P (T |H = [2, 3]) 0.2000 0.0653 0.0122 0.0041
We consider a single vessel speed U = 10kt and three
encounter angles: quartering (45deg), beam (90deg), and
bow (135deg). The encounter angles are assumed to have
uniform distribution—they are equally likely to be encoun-
tered during the mission.
Figure 2 shows the outcomes of 100 simulations of time
series of 30 minutes for wave periods in the range 10-11s
and bow seas. The top plot shows the binary data (6) and
the bottom plot shows the corresponding posterior density
p(θ|D, Iijkl) computed from (9). In this case, the main
limiting factor is roll-induced lateral acceleration, which
is a consequence of the encounter frequency being close
to the roll natural frequency. The corresponding predicted
vessel-handling probability (14) is 0.647. Figure 3 shows
the results corresponding to wave periods in the range 6-
7s. In this case, the outcomes in which the performance
is not satisfied is due to vertical accelerations induced
by a combination of heave and pitch. The corresponding
predicted vessel-handling probability (14) is 0.941. The
operability for the given wave height condition is
P (O|D,H,U, I) =
8∑
j=1
3∑
l=1
P (O|H,Tj , U, χj , D)
P (Tj |HI)P (χl|I) = 0.78.
If we repeat the analysis with the vessel with a gyro-
stabiliser (Donaire and Perez, 2013), we obtain that the
P (O|D,H,U, I) = 0.97.
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Fig. 2. Outcomes of O for 100 scenarios for wave heights in
the range 2-3m, wave zero-crossing period of 10-11s,
speed of 10kt, and bow seas. The top plot shows the
outcomes di and the bottom plot shows the posterior
density p(θ|D, Iijkl).
7. ASSESSMENT OF AUTONOMY
As developments in autonomous systems progress, there
will soon be the need to test and certify increasing levels
autonomy with capacity of not only motion control but
mission re-planing and abortion. The framework we have
proposed above fits in well with the testing of autonomy
with minor modifications. The performance indices, in this
case, can be related to attributes of safety as well as
performance such as remaining outside navigation zones,
early detection of obstacles and potential collisions, ap-
propriate re-planning of the missions, etc. The operational
conditions can also include aspects of complexity of oper-
ational space, and also potential failure modes in sensors
and actuators. The assessment can be done in simulation,
but also with hardware-in-the loop testing. This type of
assessment and analysis can be used for certification and
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Fig. 3. Outcomes of O for 100 scenarios for wave heights
in the range 2-3m, wave zero-crossing period of 6-7s,
speed of 10kt, and bow seas. The top plot shows the
outcomes di and the bottom plot shows the posterior
density p(θ|D, Iijkl).
also for assessing risks associated with the process of
setting premiums for insurance of operations. The use of
the proposed framework from this perspective has been
discussed for the integration of unmanned aircraft into the
national airspace in Perez et al. (2012).
The modified operability related to autonomy becomes
P (O|D, I) =
∑
i,j
P (O|Wi, Fj , D)P (Wi|I)P (Fj |I), (15)
The distributions P (Wi|I) and P (Fj |I) capture uncer-
tainty about the operational environment, which includes
weather scenariosWi and faults Fj under which the system
is to operate. The distribution P (O|Wi, Fj , D) evaluates
the quality of autonomous decision making of the un-
manned system under a particular scenario given by the
combination Wj , Fk. The latter encompasses aspects of
robustness and performance of the vehicle control system,
fault detection and diagnosis system, and on-line decisions
about reconfiguration of the control system and mission re-
planning and trajectory planning. In this case, P (O|D, I)
captures the uncertainty associated with the decision prob-
lem of certifying and or insuring a system for particular
operations.
8. CONCLUSION
In this paper, we re-formulate the traditional procedure
for computing ship seakeeping operability by using a full
probabilistic framework. The proposed approach considers
operability as a hypothesis that a vessel will attain the de-
sired performance in one mission considering the envelope
of likely operational conditions. We then use the Bayesian
framework to evaluate the probability of operability. We
present an example of operability calculation related to a
navy patrol boat and show how the use of a ride-control
system increases the probability of operability. Finally, we
discuss how the framework can be adapted for the case of
assessment of autonomy in unmanned vessels.
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